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Abstract
We present a multiscale model bridging length and time scales from molecular to continuum
levels with the objective of predicting the yield behavior of amorphous glassy polyethylene (PE).
Constitutive parameters are obtained from molecular dynamics (MD) simulations, decreasing the
requirement for ad-hoc experiments. Consequently, we achieve: (1) the identification of multisur-
face yield functions; (2) the high strain rate involved in MD simulations is upscaled to continuum
via quasi-static simulations. Validation demonstrates that the entire multisurface yield functions
can be scaled to quasi-static rates where the yield stresses are possibly predicted by a proposed
scaling law; (3) a hierarchical multiscale model is constructed to predict temperature and strain
rate dependent yield strength of the PE.
Keywords: Multiscale modeling, Multisurface yield functions, Viscoplastic, Polyethylene (PE).
1. Introduction
Polymers are extensively used in industrial applications, particularly in the aerospace and auto-
motive industry due to their physical and mechanical properties. Polymeric composites are highly
complex and their mechanical properties depend on many variables such as temperature, strain
rates, etc. and the physics of plastic deformations in amorphous polymers has not been well un-
derstood. Attempts were made to understand, especially, temperature and strain rate dependent
yielding in polymers, see [1, 2] for a concise review. Nevertheless, these models tend to rely on
experiments whose constitutive parameters are not physically motivated and can only be used to
predict behavior of a specific material. In engineering practice, a visco-plastic model based on
the pressure-modified von- Mises criterion is commonly used for thermoplastic polymers [3, 4].
However, these polymers behave differently under tensile, compressive and shear deformations.
Hence, the von-Mises yield criterion is no longer appropriate. A number of theoretical studies
have been done to find proper yield surface for the prediction of thermoplastics [4, 5]. Multi-
surface yield functions seem a suitable candidate to describe the yield behavior for a wide range
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of polymers [4]. However, calibration (fitting) procedures are not always possible for multiaxial
loading conditions especially, due to loss of data.
To accurately predict macroscopic properties the molecular feature associated with the plastic
mechanism must be understood [6]. Molecular theories of plastic behavior in amorphous polymers
were reviewed by Stachurski [7]. However, the behavior at nano length scales was not explained
within scope of these theories.
Along with the development of accurate inter-atomic potentials using quantum mechanics,
molecular dynamics (MD) simulations are a powerful tool in visualizing molecular mechanisms
of yielding [8]. MD simulations offer a promising way to develop new theories and models for
glassy polymers as they can reduce the need for ad-hoc experiments.
Fully atomistic models based on force fields and chemical structure of materials allow us to
physically interpret their complex physical phenomena [9], the length and time scales, neverthe-
less, limit the mechanism associated with viscoelastic/plastic behavior of the material, since inter-
actions between single atoms are explicitly considered. Coarse graining methods, such as united
atom (UA) models, can increase the length scales though the time scale has been still limited [6].
Rottler et al. [3] studied shear yielding of glassy polymers under multiaxial loading conditions
using MD simulations and relate them to the pressure-modified von-Mises criterion, but just at
nanoscale as the simulation time is prohibitive.
However, macroscopic continuum mechanics models can be employed to study large domains
and realistic time-scales. Therefore, a multiscale model passing the nanoscale descriptions to the
continuum is very important. In other words, macroscopic constitutive parameters describing the
evolution of macroscopic properties can be obtained from MD simulations [10].
Due to high strain rates involved in MD simulations, which are not experimentally encoun-
tered, an appropriate scaling law for the yield surface [10] is essential to reconcile the different
strain rates of MD simulations and experiments. In this article, the quasi-static simulations are
employed to extract yield stresses at quasi-static strain rates from MD simulations. Furthermore,
Bayes’ theorem is used to construct an upscaling technique. In particular, Bayesian approach con-
sidering prior information of the parameters (i.e. strain rate) upon which the posterior distribution
is updated given a set of observations, leading to an identification of constitutive parameters.
The article begins with the nanoscale model of the PE. Temperature dependence of the elastic
and yield behavior is subsequently accounted for. Also, the Bayesian updating used to study
the strain rate scaling laws is briefly depicted. The following Section describes the macroscopic
continuum model whose constitutive properties are obtained from nanoscale model. Numerical
results will be presented before we conclude with a discussion in Section 4.
2. Nanoscale model
2.1. Model system and simulations
The material is described by a united atom (UA) model using the DREIDING force field [11]
with harmonic covalent potential functions and the truncated Lennard-Jones (LJ) 6-12 for non-
bonded van der Waals interactions whose parameters are adopted from [12]. The functional form
and parameters are presented in Table 1.
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Table 1: Functional form and parameters of the Dreiding force field
Interaction Form Parameters
Bond Eb = 12kb(r − req)2 kb = 350 kcal/molÅ
2
, req =
1.53 Å
2
Angle Ea = 12kθ(cos(θ) − cos(θeq))2 kθ = 60 kcal/mol/rad
2, θeq =
109.50
Dihedral Ed = 12
∑3
i=0 dicos
i(φ)
d0 = 1.736, d1 = −4.490, d2 =
0.776, d3 = 6.990 (kcal/mol)
Non-bonded Enb =
 4ξ
[(
δ
r
)12 − ( δr )6] r ≤ rcut
0 r > rcut
ξ = 0.112 kcal/mol, δ =
4.01 Å, rcut = 10.5 Å
The initial polymer structure was generated by using a Monte Carlo self-avoiding random
walks algorithm as described by Binder [13]. A face-centered cubic (FCC) is used when generating
initial configuration within a simulation box. Molecules were added to the lattice in a step-wise
manner based on a method to make the appropriate selection of neighboring lattice sites. For each
polymer chain, the first atom is added to an available site on the lattice. Then, the polymer chain
is grown in certain directions on the bond angle and the density of the region where sites are not
occupied in the probability context. LAMMPS [14] is employed to equilibrate the PE system
through four sequential steps: (1) the PE structure was equilibrated for 105 timesteps (∆t = 1fs)
at 500K using a Nose-Hoover thermostat (NVT ) [15, 16]; (2) a Nose-Hoover barostat (NPT ) at
the temperature of 500K and the pressure of 1atm condition was conducted for 5 × 105 timesteps
(∆t = 1fs); (3) the structure was then cooled down to the desired temperature with a cooling rate
of 0.4K/ps followed by further 5 × 105 timesteps (∆t = 1fs) where the structure is in equilibrium.
During the cooling process, the glass transition temperature (Tg) is determined as the intersection
of two linear fitted lines to the volume versus temperature curve, see Figure 1(b). Three cooling
rates 0.8 K/ps, 0.4 K/ps and 0.2 K/ps are used herein to take the effect of cooling rate on the
glass transition temperature (Tg) into consideration. As observed, volume-temperature plots and
the resultant Tg corresponding with various cooling rates are almost identical. It is shown that
Tg = 300K and density ρ ≈ 0.87÷0.91 g/cm3 are in good agreement with previous simulation and
experiment results (Tg = 250K and ρ = 0.95g/cm3 are experimentally measured value) on high
density polyethylene (HDPE), see [17, 18, 19]. Furthermore, the influence of aging time on the
stress-strain response was studied where the tensile stress-strain curves deformed at strain rate of
1010 s−1 and temperature of 300 K for three different polymer structures which are equilibrated by
500 ps, 1000 ps and 2000 ps after the cooling process, respectively, are illustrated. As shown in
Figure 1(c), in MD simulations when polymer systems are equilibrated long enough, the ageing
time insignificantly influence on the stress-strain response as the curves are nearly the same for
the initial stages. Deformation simulations will be described in the sequel.
2.2. Deformation simulations
In order to study the yield behavior of PE, the PE system was loaded in uni- and biaxially
tensile/compressive strains at constant strain rates along the deformed directions. The pressure
on the remaining two (uniaxial strain) or one (biaxial strain) lateral surfaces is maintained at 1atm
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Figure 1: (a) Undeformed system of polyethylene (PE) and boundary conditions, (b) plot of volume as a function
of temperature and the glass transition temperature (Tg) for different cooling rates and (c) stress-strain response for
different aging times at strain rate of 1010 s−1 and temperature of 300 K: structure 1, structure 2 and structure 3 are
equilibrated by 500 ps, 1000 ps and 2000 ps after the cooling process, respectively.
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under NPT dynamics. As proposed previously [20, 21], the yield stress was taken as the maximum
of stress-strain responses.
The Young’s modulus obtained from uniaxial tension at room temperature (300K) is 1.32GPa,
and the Poisson’s ratio is 0.32, see Figure 2. These results are in good agreement with experi-
mental results: Young’s modulus E = 1.38GPa (obtained from testing method ASTM D368) and
Poisson’s ratio ν = 0.3 [22, 23]. Note that the mechanical properties are averaged for three differ-
ent initial PE structures to take entropic effects into account as suggested by [18]. Furthermore,
the quasi-static tensile stress-strain response is simulated by using MD simulations as proposed by
Capaldi et al. [17]. The system was uniaxially stretched at a constant strain rate of 109 s−1 for 1000
steps followed by equilibration for 10000 steps (∆t = 1fs) with the axial dimension kept fixed to
stabilize the energy in the system. This process is iterated until the desired strain is obtained. It
is shown in Figure 2(c) that the quasi-static tensile yield stress (•) is in a good agreement with
experimental result reported by [23].
As the chain entanglement evolution is considered as important information that affects the
deformation mechanisms of polymer, we have studied the chain entanglement evolution by using
the geometric technique presented by Yashiro et al. [24]. As illustrated in Fig. 3(a), the interior
angle θ between two vectors, i.e. one vector that is drawn from atom i (A) to atom (i− 10) (B) and
the other one that is drawn from atom i (A) to atom (i+10) (C), is measured. An example histogram
of the distribution of the angles is shown in Fig. 3(b). The atoms, at which the angle θ is less than
900, are classified as entangled or flexion nodes as indicated by [18]. Furthermore, the evolution
of the entanglement parameter, which is obtained by dividing the number of atoms classified as
entangled by the total number of applicable atoms, as a function of strain is plotted in Fig. 3(c). As
can be seen, the entanglement parameter, which represents the percent of entangled atoms within
the system, is nearly constant for the initial stages of deformation. At lager deformation (ε ≈ 0.5),
the entanglement parameter decreases nearly linearly with an increase in strain. These results are
in good agreement with previous results reported by [18].
2.3. Evaluation of yield stress in multiaxial stress states
The principal stress components σi are extracted from biaxially tensile and compressive de-
formations as proposed by [3]. Note that the stresses obtained from biaxial loadings have to be
plotted versus the equivalent strain εe defined by [25]:
εe =
√
1
2
√
(ε11 − ε22)2 + (ε22 − ε33)2 + (ε11 − ε33)2 + 43γ
2
12 +
4
3
γ223 +
4
3
γ213, (1)
where εii and γi j, i, j = 1, ..., 3 are three normal and shear components of the strain tensor. The
equivalent strain rate applied to the PE system is provided by Equation 1.
ε˙e =
√
1
2
√
(ε˙11 − ε˙22)2 + (ε˙22 − ε˙33)2 + (ε˙11 − ε˙33)2 + 43 γ˙
2
12 +
4
3
γ˙223 +
4
3
γ˙213, (2)
Figure 4 shows the stresses in x and y directions versus the equivalent strain computed by
Equation (1) and the corresponding yield peaks for biaxial tension and compression. The yield
peaks (•) occurring at the same equivalent strain are evaluated as maximum stresses.
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Figure 2: Stress-strain responses under uniaxial (a) tension, (b) compression at strain rate of 1010 s−1 for different
temperatures, (c) quasi-static and dynamics simulations in tension, and (d) tensile Poisson’s ratio. The quasi-static
tensile yield stress is indicated by (•).
6
θA
B
C
10 monomers
10 monomers
polymer chain
(a)
0 45 90 135 180
0
0.01
0.02
0.03
0.04
0.05
0.06
Angle (degrees)
A
to
m
 F
ra
ct
io
n
θ              < 90threshold °
"engtangled"
(b)
0 0.5 1 1.5 2
0.31
0.32
0.33
0.34
0.35
0.36
0.37
Strain
En
ta
ng
le
m
en
t P
ar
am
et
er
ε= 1010 s−1
ε= 109 s−1
.
.
(c)
Figure 3: (a) Schematic of technique used to estimate flexion node [24], (b) Histogram of distribution of the angles
estimated by the flexion node method at 250 K and (c) plot of entanglement parameter as a function of strain for
different strain rates.
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Figure 4: Principal stress components σy and σx are obtained from biaxial tension and compression at T = 300K with
the rates ε˙y = 2ε˙x. The maximum stresses (•) on the curves are indicated as the yield stresses.
2.4. Temperature dependence of elastic moduli
In order to predict the dependence of the Young’s modulus on the temperature the following
Williams, Landel and Ferry (WLF) model [26] is used:
logaT =
−C1(T − T re f − 140)
C2 + (T − T re f − 140) (3)
where T re f is the reference temperature, C1 and C2 are adjustable WLF constants which are cali-
brated to fit the modulus data. Figure 5 shows that the Young’s moduli obtained from MD simula-
tions are well explained by the WLF model.
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Figure 5: Plot of the tensile Young’s modulus versus the temperature. The Young’s modulus values are fitted by the
solid line formulated in Equation (3).
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2.5. Temperature dependence of yield stresses
Many studies have tried to account for the temperature and strain rate dependence of the yield
behavior of polymers. The logarithm law [27], suggesting the stress-activated jumps of molecular
segments results in yielding, is a good candidate to study the dependence of the yield stress on the
temperature:
σ =
∆H
V∗
+
RT
V∗
ln
2γ˙
γ˙0
(4)
where ∆H and V∗ are the respective activation energy and the activation volume; γ˙ is the deforma-
tion rate, γ˙0 is a constant (γ˙0  γ˙) [1]. The temperature dependent yielding law in Equation (4)
can be approximately substituted by a linear fit (yield stress is considered as a linear function of
the temperature) that is used hereafter. Cook et al. [2] also reported that the laws used to account
for the dependence of yield behavior on the temperature for polymers are mostly linear.
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Figure 6: Plot of tensile yield stress obtained from MD simulations as a function of the temperature at different strain
rates. The data points are fitted by linear fits according to Equation (4). The quasi-static tensile yield stress (F) at
T = 300K is obtained from MD simulations for quasi-static rates in Figure 2(c) as presented in Section 2.2. The
experimental data are obtained from [23].
Figure 6 shows the curves fitting the yield stress versus temperature for different strain rates
are parallel. It means that the slope of the linear fits is nearly rate independent (even at quasi-static
conditions). This has also been observed by Rottler et al. [28]. Hence, we are able to predict the
yield behavior for different temperatures at quasi-static conditions, if the quasi-static yield stress
value at any temperature is provided. Consequently, given the tensile yield stress (25.92MPa) at
T = 300K (F) obtained from MD simulations for quasi-static conditions, see Figure 2(c), the
temperature dependent yielding law can be constructed at quasi-static strain rates (dash dot black
line). A good agreement between this quasi-static linear fit and the experimental yield stresses
extracted from [23] (with strain rate of 2 min−1) for different temperatures is quite clear. The
predicted quasi-static tensile yield stress is related to the tensile yield stress obtained from MD
simulations at the temperature of 300K is expressed by
9
σstatict
∣∣∣
Tre f
=
σt|
Tre f
γ
≈ 25.92 MPa⇒ γ ≈ 0.23 (5)
The compressive and shear yield stresses as a function of the temperature for different strain
rates are illustrated in Figure 7. The rate dependent the compressive and shear yielding laws ob-
tained from MD simulations also show a parallel behavior. Furthermore, the tensile, compressive
and shear laws (fitted lines) at different strain rates approximately change with the same rate sug-
gesting the use of the same scaling factor γ to predict the quasi-static compressive and shear yield
stresses at the temperature of 300K. The predicted quasi-static law for compression agrees well to
experimental results obtained from ASTM tesing method [29, 22], as depicted in Figure 7.
σstaticc
∣∣∣
Tre f
=
σc|
Tre f
γ
≈ −37.6 MPa; σstatics
∣∣∣
Tre f
=
σs|
Tre f
γ
a ≈ 16.34 MPa (6)
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Figure 7: Temperature dependent (a) compressive yield stress and (b) shear yield stress obtained from MD simulations
at different strain rates. The data points are fitted by linear fits. The respective quasi-static compressive (F) and shear
yield stresses (F) at T = 300K are predicted by scaling the compressive and shear yield stresses obtained from MD
simulations by the value given in Equation (6). The experimentally compressive strength () obtained from the testing
method Compressive Strength, ASTM D695, 73F is 31.7MPa [29, 22].
2.6. Strain rate dependence of the yield stress based on Bayesian approach
2.6.1. Bayesian updating
In this article, Bayesian approach is employed to calibrate the parameters of the plasticity
constitutive models from the yield stress data obtained from MD simulations and existing experi-
ments. The advantage of this method is that the naturally uncertain properties of the constitutive
parameters existing in the multiscale model for polymers are taken into account. In the Bayes’
theorem the random variable θ is expressed by a prior distribution p(θ). The uncertain parameters
being estimated are then directly considered in the model evidence.
10
p(θ|z) = p(z|θ)p(θ)
p(z)
, (7)
with θ, z being the vector of model parameters and the vector of observations. For parameter iden-
tification purpose, the denominator p(z) can be ignored and the posterior p(θ|z)is proportionally
expressed by a combination of likelihood p(z|θ) and the prior p(θ) as follows:
p(θ|z)︸︷︷︸
posterior
∝ p(z|θ)︸︷︷︸
likelihood
p(θ)︸︷︷︸
prior
. (8)
Subsequently, the parameters yielding the maximum a posterior (MAP) probability of the pa-
rameters given the data is identified by:
θMAP = argmax
θ
p(z|θ)p(θi) (9)
2.6.2. Scaling law constructed based on Bayesian approach
The strain rate in engineering practice is much lower than the one in MD simulations. Con-
sequently, the respective yield stresses obtained from MD simulations and experiment can differ
significantly. Hence, a scaling law is needed to upscale the yield behavior from nanoscale to
macroscale. The good agreement between the predicted quasi-static yield stress (•) and the exper-
imental results at T = 300K in Figure 2(c) implies that it is possible to rescale the high strain rate
involved in MD simulations to macroscopic significant strain rate. Using the above-mentioned
Bayesian approach, we can identify parameters of the strain rate dependent law when yield points
at different strain rates obtained at molecular and continuum levels are determined. As suggested
by earlier researchers [28, 30, 31], the dependence of the tensile yield stress σt on the strain rate ε˙
can be described by a logarithm or a power law form. In this article an exponential dependence of
the yield stress σt on the strain rate ε˙ is adopted.
σt = θ1eθ2ε˙ + θ3eθ4ε˙ (10)
where θi, i = 1, .., 4 are constitutive parameters calibrated and updated on data points obtained
from MD simulations and experimental data.
Since the temperature and strain rate are not correlated with respect to (w.r.t.) the yield stress
as reported in [12], a linear transformation of the strain rate dependent yielding law (the numerical
fit) for different temperatures is proposed. Richeton et al. [30] also suggested that the fitted
law can be linearly transformed in vertical and horizontal directions when considering the effect
of temperature and strain rate, respectively. Rate dependence of the yielding law is studied for
different temperatures at the nanoscale model. Interestingly, as can be seen in Figure 8, fitted
curves to the yield points at different temperatures are parallel. This supports the assumption
that the rate dependent yielding law has also parallel behavior even at low strain rates. It means
that under this assumption the rate dependence of yield stress for different temperatures can be
predicted on a large ranges of strain rate (from low rate in practical application to high rate involved
in MD simulations). As shown in Figure 9, predictions for the rate dependence of the yield stress
at T = 250K and T = 200K are possible. The functional form in Equation (10) provides a good
11
fit to the data. Good agreement of the predicted law with quasi-static yield stresses at T = 250K
and T = 200K is observed. Hence, the model parameters can be identified in the case of limited
experimental data from a Bayesian perspective. Note that the predicted quasi-static tensile yield
stresses at T = 250K (H) and T = 200K () correspond to the values illustrated by the same
symbols (H and ) on the quasi-static fitted curve (black dash dot curve) in Figure 6, respectively.
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Figure 8: Predicted yield stress as a function of the strain rate for different temperatures at nanoscale model. The data
points are fitted by linear functions.
3. Macroscopic Continum model
3.1. Definition of yield surface
The yield surface requires five constitutive properties: the uni- and biaxial tensile, compressive,
and shear yield strength obtained from MD simulations. It is then constructed up to four Drucker-
Prager-cones as suggested by Vogler et al. [4]:
f (p, q, εpe ) = q − β(εpe )p − c(εpe ) (11)
where q =
√
3J2 =
√
3
2s : s is the von-Mises equivalent stress; p = −13 I1 is the hydrostatic
pressure, with I1 = tr(σ) being the first stress invariant, and J2 = 12 s : s being the second invariant
of the deviatoric stress tensor s while εpe is the equivalent plastic strain. The parameter β can be
expressed in terms of the equivalent plastic strain [4] as
12
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Figure 9: Tensile yield stress versus the logarithm of strain rate (log ε˙). The blue solid circles represent results
obtained from MD simulations and experiments at T = 300K. The blue solid line represents the rate dependent
yielding law at T = 300K obtained by Bayesian approach. The red dashed and green dash dot lines are constructed
under the assumption of parallel behavior of the rate dependent yielding law. The black (F) were obtained from
MD simulations at quasi-static loading rates, the black asterisk (H) and the black diamond () are predicted values
obtained from the rate dependent yielding law at quasi-static conditions, corresponding to the same symbols (H and
) for T = 250K and T = 200K in Figure 6, respectively.
β(εpe ) = 3
σt − σbt
2σbt − σt , c(ε
p
e ) = σt + β(ε
p
e )
σt
3
for p < −q
3
β(εpe ) = 3
√
3σs − σt
σt
, c(εpe ) =
√
3σs for − q3 ≤ p < 0
β(εpe ) = 3
σc −
√
3σs
σc
, c(εpe ) =
√
3σs for 0 ≤ p < q3
β(εpe ) = 3
σbc − σc
2σbc − σc , c(ε
p
e ) = σc − β(εpe )
σc
3
for p ≥ q
3
(12)
where the parameters β(εpe ) is extracted from the hardening uniaxial tensile (σt), uniaxial compres-
sive (σc), shear (σs), biaxial tensile (σbt), and biaxial compressive (σbc) curves which are obtained
from MD simulations for corresponding stress states. The piecewise linear yield surface (PLYS)
is illustrated in Figure 10.
In the proposed model, a non-associated flow rule is used to ensure the consistency with tensile
test, leading to the plastic potential suggested by [10]:
g = q2 + αp2 (13)
where α is the flow parameter accounting for the change in material volume at yielding:
α =
9
2
1 − 2νp
1 + νp
(14)
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Figure 10: Plot of piecewise linear yield surface (PLYS) in invariant (p, q) plane.
where νp denotes the plastic Poisson’s ratio obtained from the MD simulations under uniaxial
tension and
∆ε
p
22 = ∆ε
p
33 = −νp∆εp11 (15)
The increment of plastic deformation is given by:
∆εp = ∆λ
∂g
∂σ
(16)
where ∆λ is the plastic multiplier, commonly updated via the return mapping algorithm under
the Kuhn-Tucker consistency conditions. A more efficient approach based on Chen Mangasarian
replacement functions which avoids a return mapping has been proposed by [32, 33]; ∂g
∂σ
repre-
sents the direction of plastic flow with g being the plastic potential given in Equation (13). The
equivalent plastic strain is given by [34]:
εpe =
√
kεp : εp (17)
with k = 11+2ν2p .
3.2. Thermo-plastic hardening
The constitutive model is defined by uniaxial tension and compression, biaxial tension and
compression and shear yield strengths. Thus, the hardening will be formulated to update these
yield strengths. Commonly to other plasticity models, the hardening formulation depend on the
equivalent plastic strain as follows:
σt = σt
(
εpe
)
, σc = σc
(
εpe
)
, σs = σs
(
εpe
)
, σbt = σbt
(
εpe
)
, σbc = σbc
(
εpe
)
(18)
We can directly extract stress and strain values from the uni- and biaxial tension and compres-
sion and shear from MD simulations. Then, the hardening laws were inserted into the material
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model in terms of table of values. Note that input data are presented in terms of plastic strain
by decomposing the total strain increment by the elastic component as: ∆εp = ∆ε − ∆εel [10].
In each iteration the table lookups will provide the plastic strains (εpe ) and corresponding yield
stresses (σy) as inputs. Subsequently, the tangents
(
∂σy
∂ε
p
e
)
with respect to the plastic strain will be
computed. These stress-plastic strain curves are then scaled to determine the hardening laws. In
order to study the temperature dependent yield strength, the linear law fitted on data obtained from
MD simulations is employed to scale the yield stress w.r.t. the hardening curve at the reference
temperature as follows:
σn = σ
re f
n + βn
(
T − T re f
)
(19)
withσn andσ
re f
n being the predicted yield stresses at the desired T and reference T re f temperatures,
respectively. The material constant βn is selected so that the yield stresses at the temperature T are
scaled back to the stresses’ value at the reference temperature T re f . An overview illustrating the
algorithm that is applied to implement the PLYS constitutive model is shown in Table 2.
Table 2: Multisurface constitutive model algorithm overview for PE.
(1) Compute trial stress,
σtrn+1 = σn + D
e : ∆ε
representing the stress in terms of the von-Mises equivalent qtrn+1 and hydrostatic p
tr
n+1 stresses:
qtrn+1 =
√
3
2 s
tr
n+1 : s
tr
n+1, p
tr
n+1 = pn + K∆εv with s
tr
n+1 = sn + 2G∆εd
(2) Consider the temperature dependent elastic and yield behavior:
The temperature (T ) dependence of the Young’s modulus is explained by Equation (3):
E(T ) = Ere f (logaT )
The yield stresses and hardening laws dependent on the temperature (T )
is described by Equation (19):
σn = σ
re f
n + βn
(
T − T re f
)
(3) Check yield criterion given by Equation (11):
IF f
(
p, q, εpe
) ≤ 0 THEN
σn+1 = σ
tr
n+1, qn+1 = q
tr
n+1, pn+1 = p
tr
n+1 and EXIT
ELSE
Perform return mapping algorithm to obtain plastic multiplier ∆λ.
ENDIF
(4) Update stress tensor
qn+1 =
√
3Jtr2
(1+6G∆λ)2 , sn+1 =
strn+1
1+6G∆λ , pn+1 =
ptrn+1
1+2Kα∆λ
σn+1 = σ
tr
n+1 − 6G∆λsn+1 − 23 Kα∆λpn+1I
(5) EXIT
† The superscript re f is used to infer the quantities computed at the reference temperature.
† ∆εv and ∆εd are the volumetric and deviatoric plastic strain increments, respectively.
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3.3. Yield surface at different temperatures
We perform multiaxial deformations (uni- and biaxial and shear loads) to obtain yield points at
two different temperatures and the equivalent strain rate in Equation (1) is set as ε˙e = 1× 1010 s−1.
The PLYS characterized by Equation (11) was adopted to fit yield points data in four Drucker-
Prager cones as mentioned in Equation (12). As can be seen in Figure 11, the yield points are well
described by the PLYS criterion.
−400 −300 −200 −100 0 100 200−400
−300
−200
−100
0
100
200
σ1 (MPa)
σ 2
(M
Pa
)
T=300K, ε=1010s−1
T=250K, ε=1010s−1
.
.
Figure 11: Yield points for uni- and biaxial stress states and the fitted PLYS for different temperatures.
3.4. Yield surface at different strain rates
Based on the scaling law proposed in Section 2.6, given any known (predicted) yield stress of a
specific load case, the entire multisurface yield functions can be isotropically scaled to quasi-static
rates by assuming the scaling value is similar for general deformations. For example, a prediction
for the entire quasi-static multisurface yield functions at T = 300K is obtained in Figure 12(a). The
uniaxially quasi-static tensile (25.92MPa) and compressive (37.6MPa) yield stresses are validated
with experimental results. As observed in Figure 12(a) and Table 3, good agreement between
numerical results and experimental results is observed. Furthermore, the entire yield surface at
any desired strain rate can also be predicted based on the law shown in Figure 9 using Equations
(5 + 6). Also, the entire yield surfaces at T = 250K for different strain rates are obtained from MD
simulations and the one at quasi-static rates is predicted using the same scaling law as illustrated
in Figure 12(b).
The above-described elasto-plastic model is used to predict the thermoplastic behavior at (1)
nanoscale and (2) the strain rate, which is rescaled from molecular to continuum levels through
the constitutive law.
The presented constitutive model in the aforementioned section was implemented as material
parameters into ABAQUS to predict the macroscopic stress-strain responses. Comparison between
the responses obtained from MD simulations and from the continuum model for different stress
states in Figure 13 shows a good agreement. The temperature dependence of the uniaxial and
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Figure 12: Yield points for uni- and biaxial stress states and the fitted PLYS (a) for T = 300K; (b) the predicted
quasi-static tensile yield stresses in comparison with experimental data; (c) for T = 250K at different strain rates.
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Table 3: Validation of the predicted tensile and compressive yield stresses with experimental result at different strain
rates.
Deformation Strain rate Quasi-static simulations Experimental results
Tension
0.2 min−1 25.92 (MPa) 25.0 (MPa) [23]
8.0 min−1 28.84 (MPa) 30.8 (MPa) [23]
Compression - 37.61 (MPa) -31.72 (MPa) [29]
Table 4: Constitutive properties for the PE model obtained from MD simulations at the room temperature.
E ν νp σstatic
re f
t σ
staticre f
c σ
staticre f
s βT βC
1.32 GPa 0.32 0.32 25.92 MPa -37.61 MPa 16.34 MPa 0.55 0.93
βS C1 C2 θ1 θ2 θ3 θ4
0.58 0.44 82.5 -0.66 -0.35 0.01 6.04
biaxial tensile, compressive and shear stress-strain responses is also illustrated in Figure 14 and
good agreement between the responses obtained from the continuum model and those from MD
simulations for different temperatures is observed. Furthermore, the consistency of the stress-
strain responses for different stress states (e.g. the unequally biaxial tension and compression with
ε˙y = 2ε˙x yield stresses) between MD simulations and the continuum model could be expected.
Figure 15 compares the predicted yield strength (σquasit = 27.65 MPa) with the experimental
one reported in [23] (σexptlt = 29.3 MPa) at strain rate of 2 min
−1. Also, the continuum model
accurately predicts the compressive yield stress at room temperature, see Table 3. This proves that
the continuum model can be used to accurately predict the yielding occurring at low strain rate.
4. Conclusions
A hierarchical multiscale model was developed to study the thermo/visco-plastic behavior of
the PE. At first, the PLYS and the temperature and strain rate dependent yielding laws were con-
structed where the constitutive parameters are calibrated from data (yield points for multiaxial
stress states) obtained from MD simulations. Then, the scaling law for the entire yield surface was
proposed based on the quasi-static tensile simulations at nanoscale. The yield behavior was up-
scaled to macroscopic level through an efficient continuum model. The consistency of the results
demonstrates that the macroscopic continuum model accurately predicts the behavior achieved
from MD simulations.
In addition, validation shows that the tensile and compressive yield stresses are accurately
predicted at quasi-static rates by the proposed multiscale multisurface model despite the loss of
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Figure 13: Comparison of the stress-strain responses predicted by the continuum model and MD simulations (a)
tension, compression and shear, (b) biaxial-tension and compression with equal rates applied in x and y directions, (c)
biaxial-tension with rates applied in x and y directions ε˙y = 2ε˙x, (d) biaxial-compression with rates applied in x and y
directions ε˙y = 2ε˙x.
19
0 0.05 0.1 0.15 0.2 0.25
0
50
100
150
Strain
St
re
ss
 (M
Pa
)
MD, T = 300K
Cont, T = 300K
MD, T = 280K
Cont, T = 280K
MD, T = 250K
Cont, T = 250K
(a)
0 0.05 0.1 0.15 0.2 0.25
0
50
100
150
200
250
Strain
St
re
ss
 (M
Pa
)
MD T=300K
Cont T=300K
MD T=280K
Cont T=280K
MD T=250K
Cont T=250K
(b)
0 0.05 0.1 0.15 0.2 0.25
0
20
40
60
80
100
Strain
St
re
ss
 (M
Pa
)
 
 
MD T=300K
Cont T=300K
MD T=280K
Cont T=280K
MD T=250K
Cont T=250K
(c)
250 260 270 280 290 300
100
150
200
250
300
350
Temperature (K)
Y
ie
ld
 st
re
ss
 (M
Pa
)
(d)
250 260 270 280 290 300
80
100
120
140
160
180
Temperature (K)
St
re
ss
 (M
Pa
)
(e)
250 260 270 280 290 300
150
200
250
300
350
Temperature (K)
St
re
ss
 (M
Pa
)
(f)
Figure 14: Comparison of the stress-strain results in (a) tension, (b) compression, (c) shear, (d) equally biaxial tension
and compression, the yield stresses (e) unequally biaxial tension (ε˙y = 2ε˙x) and (f) unequally biaxial compression
(ε˙y = 2ε˙x) predicted by the continuum model and MD simulations at different temperatures. In Figures (d) the tensile
and compressive yield stresses obtained from MD simulations are shown by the solid blue circles (•) and red squares
(); the one obtained from the continuum model are shown by hollow blue circles (◦) and red squares (), In Figures
(e) and (f), the solid blue circles and red squares indicate the unequally biaxially tensile and compressive yield stresses
obtained from MD simulations and continuum model.
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Figure 15: Comparison of the tensile yield stress predicted by the continuum model and experimental result at quasi-
static strain rate.
ad-hoc experimentation. Hence, we believe that this study will open a new door for the design of
polymer materials through multiscale simulations, leading to priori predictions of yield behavior
of polymers.
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